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Let f = f( t, x): R x R” --f KY’ be a continuous function which is p-periodic 
(p > 0) with respect to the t-variable and suppose that f is of class C’ with 
respect to x. Assuming that each Cauchy problem 
x'=f(t, xl, x(O)=z 
has a (unique) solution x( .; z) defined on [0, p], we can achieve existence 
and uniqueness of solutions for the periodic BVP 
x'=f(t,x) (1.1) 
-40) =x(P) (1.2) 
looking for a unique fixed point of the associated translation operator 
(Poincare-Andronov map) 
u: z + x(p; z). (1.3) 
By means of standard properties of the Brouwer degree, the following 
result can be stated: 
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PROPOSITION 1. Let Gc R” be an open bounded set and let Z~E G be 
such that 
i(Uz-z,)#z-z,, for each (A, z) E 10, 1 ] x fr G. (1.4) 
Suppose, moreover, that for each z E G such that z = Uz, all the eigenvalues 
of U’(z) have moduli less than 1. Then (1.1 ), (1.2) has exactly one solution 
with x(0) E G and such a solution is (uniformly) asymptotically stable. 
Indeed, condition (1.4) implies that d,(Z- U, G, 0) = d,(Z- zO, G, 0) = 
d,(Z, G, zO) = 1, while the hypothesis on U’(z) ensures that the set of fixed 
points of U in G is made by a finite number of elements each of which has 
local index equal to 1. Then the uniqueness follows from the additivity/ 
excision property of the Brouwer degree. The final statement about the 
stability of the periodic solution is a standard consequence of classical facts 
(see [15, 191). 
The above result is essentially a corollary of similar ones, contained in 
[ 193 and [23]. In particular, assumption (1.4) is always satisfied whenever 
G is an open bounded convex set and U(fr G) c G. In this last formulation, 
Proposition 1 was employed by Alvarez and Lazer in [ 11, for a theorem of 
existence and uniqueness of periodic solutions of a competing species 
problem. 
Working with more general equations than (l.l), like, e.g., RFDEs, 
another approach, based on the theory of nonlinear integral equations, 
seems to be useful, in order to avoid the use of the Poincare map in infinite 
dimensional phase spaces. More precisely, problem (l.l), (1.2) can be 
formulated as an equivalent operator equation 
Lx=Nx (1.5) 
with a suitable choice of function spaces. Hence, existence and uniqueness 
results can be obtained in a more general framework using topological 
degree tools [22]. 
The case L = Z (the identity) was considered in [2, 3, 18, 26, 251. In [S], 
Cesari and Engl obtained a uniqueness theorem for Eq. (1.5), combining 
Kellogg’s results with the “alterative method” [7]. In the same spirit we 
collect our auxiliary lemmas in Section 2 which are just some 
straightforward applications of the properties of the coincidence degree 
[22] and some basic tools for the computation of the number of fixed 
points [S, 31. Then we present some examples of application to the 
periodic BVP associated to ordinary and delay-differential systems. A more 
detailed investigation is finally performed in order to prove the existence 
and uniqueness of positive periodic solutions for a competing species 
problem with hereditary effects. The choice of such a model which 
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represents a generalization of delay-differential systems considered in 
[ 12,24, l] is made in order to have a comparison between the method 
proposed here and other different approaches already presented in the 
literature [l, 12, 143. 
In what follows, cl A4 and fr A4 denote respectively the closure and the 
boundary of a set A4 in a normed space X. B(x, r) and B[x, r] are the open 
and the closed ball of center x E X and radius r > 0. 
2. EXISTENCE AND UNIQUENESS RESULTS 
Let X and Z be real Banach spaces and let Q c X be an open bounded 
set. We deal with the operator equation 
Lx = Nx. (2.11 
Borrowing notations and terminology from [22, Chap. I], the following set 
of structural assumptions is considered: 
(i) L: dom L c X+ Z is a linear Fredholm mapping of index zero, 
with continuous right inverse K,: Im L -+ dom L n ker P. (P, Q is a pair 
of (fixed) linear bounded projections, P: X-+ X, Q: Z -+ Z such that 
Im P = ker L, ker Q = Im L. Moreover, let J: Im Q + ker L be a linear 
isomorphism preserving orientation [22, p. 19). 
(ii) Nx = N*(x, l), with N*: cl Sz x [0, l] -+ Z is a (possibly) non- 
linear mapping such that N* is L-compact [22, p. 121. Then Eq. (2.1) is 
equivalent to 
x=Tx:= Px+JQNx+K,(Z-Q)Nx (2.2) 
(where I is the identity), with T: cl a + X a compact mapping [22]. 
We denote by 
C=C(L, N;SZ)= { xEdom LnclSZ: Lx=Nx} 
the (possibly empty) solution set of (2.1) and observe that, as a con- 
sequence of the preceding hypotheses on L and N, the set ,Y is compact. If 
we assume 
(iii) Ccs2, 
then the “coincidence degree” D,(N, Sz) is defined by 
D,(N, Sz) = d,,(Z- T, 0, Oh 
where d,, is the Leray-Schauder degree [22, p. 191. Suppose further that 
NE C’( W, Z), 
with z c W c 0, W open (possibly W= 52) and that 
(iv) L - N’(x): dom L c X + Z is one-to-one, for each x E z. 
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Then (by Fredholm alternative) I- T’(x): X-r X is a linear 
homeomorphism for each XEZ and hence the local inversion theorem 
implies that the set C is discrete and so, finite. Accordingly, let 
c= {x,, . ..) x,} 
and, as x,(k = 1, . . . . m) is an isolated zero of L - N, the “coincidence index” 
iL(N, xk) is defined by 
iL(N, xk) = d&Z- T, B(x,, ok), 0) = (- I)““, 
where sk > 0 is sufficiently small and bk is the sum of the multiplicities of 
the characteristic values of T’(x,) belonging to 10, 1 [. Moreover, 
(2.3) 
(see [22, Chap. II] and [20] for a detailed exposition of the properties of 
the coincidence index). 
Then the following result can be immediately obtained using the 
additivity/excision property of the coincidence degree [22, p. 151. 
LEMMA 1. Assume (i), (ii), (iii), and (iv) and let 
(~1 IDAN Q)l = 1 
(vi) iAN, x) = iAN, Y), for all x, y E C. 
Then Eq. (2.1) has exactly one solution 1 E dom L n Q. 
We list now some basic properties which imply (v) or (vi) and which will 
be used in the applications. 
PROPERTY 1. Assume (i) and (ii) and suppose 
(vii) Lx # lN*(x, A), for every (x, 2) E (dom L n fr Q)x 10, 1 ] 
(viii) QN*(z, 0) # 0, for every x E ker L n fr 52. 
(ix) IddJQN*(~, O)lkerL, ker L n Q, O)l = 1 
(where d, is the Brouwer degree). 
Then (iii) and (v) hold. 
Indeed, as proved in [22, Th. IV. 131, D,(N, Q) =dB( -JQN*(., 0) IkerLr 
ker L n L&O). 
PROPERTY 2. Assume (i), (ii), and (iii) and let us suppose 
(x) L -pN’(x): dom L c X+ 2 is one-to-one for each (x, p) E 
c x 10, 11. 
Then (iv) and (vi) hold. 
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Indeed, iL(N, x) = 1, for each x E C. 
PROPERTY 3. Assume (i), (ii), and (iii) and let 
ZCSC W, 
with S a connected set such that 
(xi) L - N’(x): dom L c X + Z is one-to-one, for each x E S. 
Then (iv) and (vi) hold. 
In fact, following [S, Th. 5.4.71 or [25, Lemma], i,(N, x) is constant for 
XE s. 
Putting together the given properties, some straightforward consequen- 
ces can be easily achieved. 
THEOREM 1. Assume (i), (ii), (vii), (viii), (ix), and (x). Then Eq. (2.1) 
has exactly one solution 2 E dom L n l2. 
THEOREM 2. Let S be connected as in Property 3 and assume (i), (ii), 
(vii), (viii), (ix), and (xi). Then Eq. (2.1) has exactly one solution 
fcdom LnQ. 
Both the theorems are essentially Mawhin’s continuation theorem [ 11, 
Th. IV.11, paired with the uniqueness principles in Property 2 and 3. A 
simple example in which Theorem 2 can be applied occurs whenever Q is 
connected and NE C ‘(a, Z). In this case, taking S = W = Q, we get a 
corollary of Theorem 2 which generalizes a similar uniqueness result given 
by Kellogg Cl83 for X= Z, L = Z, N*(., 1) = N, and Q a convex set. In the 
same way, an extension of Talman’s theorem [26] can be obtained just 
assuming N* to be an L - k-set contraction (see [27 J ). 
We propose now some direct applications of Theorem 1 to the existence 
and uniqueness of solutions for the periodic BVP associated to some 
ordinary differential systems. 
Let R” be the n-dimensional real Euclidean space endowed with inner 
product (.I.) and norm I.]=(.].)1’2 and let f:[O,p]xlT%“+R” be a 
continuous function. We look for solutions of the equation 
x’= f(t, x) (2.4) 
satisfying the boundary condition 
x(0) = XtJ). V-5) 
Such solutions will be called p-periodic. 
Following [22, Chap. III], a functional setting is introduced. 
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Let Z= C([O,p], R”), X= {xEZ: x(0) =x(p)} be endowed with the 
sup. norm 1x1 o. : = sup{ Ix(r)1 : t E [0, p]}. We set L: x H x’, with dom L = 
{x~C~([O,pl, R”):xEX}, kerL=R”, ImL= {zEZ: fiz=O}. As con- 
tinuous projections, we choose P= Q: z( .) )--t (l/p) h z(s) ds, so that 
Im Q = R”. Let J: Im Q -+ ker L be the identity in I?‘, i.e., Jx = x for x E R”. 
Finally, define N: x(.) ~f(., x( .)). Then (2.4), (2.5) is equivalent to the 
operator equation (2.1). We refer the reader to [22] for the proof that the 
required structural assumptions are satisfied. 
In order to get condition (iv), from now on, we suppose that 
@j/ax exists and is continuous in [0, p] x R”. 
Then the Nemitzkii operator N is continuously differentiable at each point 
x E X. Moreover, for a fixed XE X and p E R, L - ,uN’(x) is injective 
provided that 
(k) the differential system 
o’(t) = PL(wax)(t, x(t)) .0(t) (2.6) 
has v = 0 as unique p-periodic solution. 
Condition (k) means that 1 is not a characteristic multiplier of (2.6) (see 
[ 151). Moreover, we note that (x) is satisfied if all the characteristic 
multipliers of (2.6), with p = 1, have moduli less than 1; that is, u E 0 is a 
(uniformly) asymptotically stable solution of the equation 
o’(t) = (wax)(t, x(t)) u(t) (2.7) 
(where the coefficients of the matrix (af/ax)(t, x(t)) are supposed to be 
extended by p-periodicity to the real line). 
We recall that G c R” is a bound set for (2.4), (2.5) if there is no solution 
x( .) of x’ = Af(t, x), x(0) = x(p), for 2 E 10, 11, such that x(t) E cl G and 
x(t,) E fr G, for some t, E [0, p]. Then the following result can be proved: 
COROLLARY 1. Let G c IR” be an open bounded set. Suppose 
(j) G is a bound set for (2.4), (2.5); 
(.ij) f(z):= (l/p)~~f(s.z)ds#O,~orallz~frG, 
and d,( J1 G, 0) = ( - 1)“. 
Assume that all the characteristic multipliers of Eq. (2.7) have moduli less 
than 1,for each x(.) solution of(2.4), (2.5). Then the problem (2.4), (2.5) has 
a unique solution with x(t) E G, for all t, and such a solution is asymptotically 
stable. 
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This corollary is essentially “Corollaire 5.2” in [23]. We omit the proof 
since it is straightforward application of Theorem 1 along the lines of 
[22], taking Sz := {x~ X: x(t) E G, for all ZE [0, p]}. We only observe 
that a variant of Corollary 1 can be easily deduced from Theorem 2. In 
this case, the assumption D connected is fulfilled if G is simply connected 
[ 10, Chap. XII]. Note also that d,(N, Q) = (- 1)” d,(J G, 0). 
A similar uniqueness result can be obtained from the Krasnosel’skii 
existence theorem [ 19, Th. 6.1). 
We give some useful examples in which the above corollary can be 
applied. More precisely, in all the situations considered below, the set G is 
an open bounded (simply connected) bound set for (2.4) (2.5) and 
Mj: G, 011 = 1. 
EXAMPLE 1. Let G c I-I;=, ]ai, bi[ be an open n-dimensional rectangle 
and suppose that f satisfies 
ts) fr(r,X1,~~~,Xi-l, ai, Xi+l~~~~~X~)~j(f~X1~~~~~Xi-lr bj, xj+l, ...txn)<O 
for all t E [0, p], i= 1, . . . . n, and xje [uj, bj] for j# i. 
Then d,(J G, 0) = (- l)k, with k := # {i: fi( . . . . ai, . ..) > O}. (Example 1 
contains the case examined in [ 11.) 
For a function V: R” + R and CER, we set [V(<,c] := 
{x E R”: V(x) (5, c>. VV is the gradient of V whenever it is defined. 
EXAMPLE 2. Let cl G be homeomorphic to the closed unit ball in R” 
and suppose that, for each u E fr G, there is V, E C ‘( R”, W) such that 
clGc [V,<O], V,(u) = 0, 
and, for all t E [0, p], 
(f(c u) I VV,(u)) < 0 (>O) 
(i.e., G is an attractive (resp. repulsive) bound set [22]). Then 
dB( J G, 0) = ( - 1)” (resp. = 1). 
EXAMPLE 3. Let G= [V<O] IB[O, r], where VEC’(R”, W) is such 
that VI’(x) # 0 for 1x1 > r and lim,,, _ + o. V(x) = + co. 
Suppose 
(f(h x) I Wx)) < 0 (>O) 
for all t E [0, p] and x E fr G. Then dB( A G, 0) = ( - 1)” (resp. = 1). 
409!131/2-4 
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For a proof that these examples entail the needed properties, for G, f 
and j: see [22, 19,291. 
It is clear that, in a similar manner as in [22, Chap. VIII], Corollary 1 
can be extended to functional differential equations in order to get 
existence and uniqueness results. In view of the application we have in 
mind, we confine ourselves to a particular class of delay-differential 
systems. More precisely, we consider equations of the type 
xl=fi(f, xl(t-Tt,l(t)L x*(t--rj2(t)), ...> Xn(z-Tjn(t))), 
i= 1, . . . . n, 
(2.8) 
where fi is the ith component of f = f(t, x): [w x [w” + [w”. We suppose f 
continuous and p-periodic in the t-variable, ~~1 [w -+ LQ continuous and 
p-periodic for each i, j = 1, . . . . n and zii 3 0, for each i = 1, . . . . n. Assumptions 
of this kind have been considered also in [12]. 
For simplicity, we denote system (2.8) in the form 
x’=f(t,x(t-r(t))). 
Then, using Theorem 1, a counterpart of Corollary 1, and Example 1 for 
the RFDE (2.8) can be stated: 
COROLLARY 2. Let G = ny=, ]a{, b,[ be an open n-dimensional rec- 
tangle and assume 
(s’) fjJ;.(f,X~,...,Xi~~,ai,Xi+l,...,X,)>O 
>fi(ttxl* ...? XiPlrbi, Xj+l,---‘Xn) 
for all t E [0, p], i = 1, . . . . n, and xje [a,, bj] for j # i. 
Then, system (2.8) has at least one p-periodic solution x( .), with 
ai < x,(t) < bi for each t. 
Suppose further that (af/ax)(t, x) exists and is continuous for all t and 
x E G and assume that 
04 v E 0 is a uniformly asymptotically stable 
solution of the differential system 
o;(t) = i, wiiaxd(4 xl(t - ril(t)), . . . . x,(t - tin(t))) 'v/c(t-Tjk(t))v (2.9) 
i= 1 , . . . . 4 
holds for each x: R -+ KY’, p-periodic solution of (2.8), such that x(t) E G for 
all t. Then system (2.8) has a unique p-periodic solution with x(t) E G, 
for all t. Such a solution is (uniformly) asymptotically stable. 
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Proof: As in Corollary 2, we set Lx = x’ and 
N*(x, A)(t) = (NxNt) =f(t, x(t-- ?(f))), for all 1. 
Moreover, let X=Z= {xEC(IR, lR”):x(t+p)=x(t),Vt}, endowed with the 
sup. norm I.lm. Finally let Q = (x E X: x(t) E G, Vt ). It is easily checked 
that (s’) implies (vii)-(ix) of Property 1, producing the existence part of the 
result according to [22], while (k’) implies (x) of Property 2 (see [16]). 
The final assertion about the asymptotic stability of the solution is a 
consequence of standard facts about RFDEs (see [16]). 1 
3. AN APPLICATION TO THE PERIODIC COMPETING 
SPECIES PROBLEM WITH HEREDITARY EFFECT 
In this section we consider a particular example of system (2.8) in the 
two-dimensional case. 
4 = Xl ‘Yl(C Xl(f), x*(t - z,*)) 
4 =x2 g*(t, x,(t - T2,), x2(f)), 
(3.1) 
with rii( t) = rii, a constant and fi(t,xi,x2)=xigi(t,xi,x2), where 
gi: Iw x lR2 + [w is p-periodic in the variable t and continuous (i= I, 2). 
Equation (3.1) was considered by Gopalsamy in [ 121 as a model of a 
periodic ecosystem in which the specific interactions occur with delays. We 
are interested in solutions (xi(t), x*(f)) of (3.1) such that x,(t) > 0 for all t 
and i = 1, 2. Such solutions will be called positive. Let [w + denote the set of 
positive reals. The theorem we are going to present improves and corrects 
the one given by Gopalsamy in [12], with a different proof. Indeed, 
although the assumptions concerning uniqueness and stability are those in 
[ 121 our hypothesis (01) below allows us to deal with the example in [ 12, 
p. 3621 which cannot be deduced from Theorem 1 of the quoted paper (see 
Remark 1, below). For related results concerning the ordinary differential 
counterpart of Eq. (3.1) see [24, 11. 
THEOREM 3. Let us suppose that for suitable positive constants a,, fii, yi, 
pL,, and v,(i= 1, 2) 
(a) ai-BiX~-Y,X*dgi(f,Xl~X2)~Cli-V,Xi (i= 1,2) 
holds for each t and (x1, x2) E IR: . Then system (3.1) has a positive 
p-periodic solution provided that 
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Moreover, for any positive p-periodic solution (x,(t), x2(t)) of (3.1), the 
following estimates hold, 
m, := (a1v2-YI~2)IBIv2~xl(t)~~,/v1 := Ml (3.2) 
m2:= (a2v2-P2~LIY~2v1 ~x~(~)~P~Iv~ := M2, (3.3) 
for each t E R. 
Suppose further that for i, j= 1, 2, agi/axj exists and is continuous on 
[w x Iw: and that for each t E [0, p] and X~E [mi, Mi], i = 1,2, we have 
(ag,iw(t~ xl7 x2) < - max wg2iwk x1, x2)1 
1, x,,xz 
(ag,/ax,)k x1, x2)< - max Icwax,)(t, x1, x2)1; 
&X1,X2 
then system (3.1) has a unique p-periodic positive solution and such a solution 
is asymptotically stable. 
Proof of Theorem 3. 
Step 1. Existence part. We prove that condition (s’) is satisfied for a 
suitable rectangle G= Is, R,[x]E, R2[, with s>O. Accordingly, we prove 
fi(t, RI, Y) <O <fi(t, 8, Y), for all t and .z<y<Rz (3.4) 
and 
fAt, x, &I < 0 <fdt, x, E), for all t and E<x<R,. (3.5) 
From (a) it follows that 
sl(t, R,,Y)GPL, -v,R, 
g,(t,E,y)>,a,-81E-Yy,yBa,-B1E-YlR2 
gz(t, x, R,) G ~2 - v2R2 
g2(f, x, E) 2 a2 - p2X - y2c 2 a2 -P2Rl - y2&. 
Then, taking E sufficiently small (i.e., 0 < E < min{ (a, - y, R2)/p1, 
(a2 - /12R,)/y2}), (3.4) and (3.5) are satisfied provided that 
PI/VI < RI <ad& (3.6) 
PA < & -C ally,. (3.7) 
Such a choice of R, and R2 is possible by condition (j?). Then the existence 
part of Corollary 2 applies. 
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Step 2. Estimates for the positive solutions. The proof is essentially 
the one given in [l] for the ordinary equations. Let tf, t& (i = 1,2) be 
such that 0 < xi(tf) d x,(t) < xi( ti,) for each t E R and i = 1,2. Then 
x((tj) = x,!(th) = 0 and, from (a), we obtain 
~l-B,~l~~:~-~l~*~~2,~~~l-Bl~l~~:~-Yl~z~~:--tl*~ 
<g,tt:, xltt:), x*(f: -z,,))=O 
= g,(L x,(tLL xAtf, - 5,211 <PI - v,x,(tL) 
(3.8) 
and 
% - B,Xl(cf) - YzX*W Q% - B*xl(t: - TX) -YGdt:) 
GgAt:, xl(t:--t,l), x*(f:))=o 
=gzW,(t2, - TZl L xz(tL)) G Pz - V,X,($J. 
(3.9) 
From (3.8) and (3.9) we easily deduce (3.2) and (3.3). 
Step 3. Uniqueness of the positive solution. Let G be as in Step 1, 
with R, and R, defined by (3.6), (3.7) and let E >O be such that 
E < min{m,, m2}. Then, by virtue of (3.2), (3.3), all the positive p-periodic 
solutions of (3.1) are contained in the set G. We shall apply Corollary 1 in 
order to get uniqueness of the solutions with values in G. Let (x1(.), x2( .)) 
be a p-periodic solution of (3.1). 
Equation (2.9) can be written 
4 = CA,(t) - B,(t) Xl(f)1 ul(t) + C-C,(f) x,(t)1 u*(t - 712) 
(3.10) 
0; = C-B*(t) xz(t)l UI(f - 721) + CA*(t) - C,(t) x,(t)1 o*(t), 
where we set, for i= 1, 2, 
With the change of variable ti(t) : = u,(t)/x,(t), system (3.10) becomes 
r; = -B,(t) x,(t) 51(t) - C,(t) x*(t- T12) 52(t - t12) 
G = --k(f) x,(t- 721) r,tt- 521) - C*(t) x,(t) 52(t) 
(3.11) 
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and condition (k’) of Corollary 2 holds provided that [, = 0, r2 = 0 is a 
uniformly asymptotically stable solution of (3.11). To this end we introduce 
the following Liapunov functional already considered in [13, 141, 
WC $I:= M,(O)1 + Idz(O)l + b j” x,b + t) Idl(s)l ds -- I21 
where b and c are (fixed) positive constants such that 
max I&(t)1 <b<minB,(t) and max ICI(t)1 <cumin C,(t). 
Now we are in a position to apply a theorem of Krasovskii and Driver 
[9, Th. 63 (see also [28, Th. 33.1; 63). 
In particular, proceeding like in [ 131, we have, by simple computations, 
D+ v(h <I,, 52,) 
< (b-B,(t)) x,(f) 141(t)l 
+ (c-CAt))-Gt) Itz(t)l +(P,(t)l -b)x,(f-T,,) 151(t-~,)l 
+ (IC,(f)l -C)%(t-~12)1 <A-~12)l 
6 -wt,(f)l + 152(~)l), 
for some 6 > 0. 
The rest of the proof is a straightforward checking that all the 
hypotheses of Krasovskii’s theorem are satisfied (see [13] for more 
details). 1 
Remark. With respect to the existence of solutions, Theorem 3 
contains, as a particular case, the corresponding result of Alvarez and 
Lazer [ 11, who considered T,~ = t2, = 0 and 
gl(f, xl, ~2) = 4~) - b(t) XI -c(f) x2, 
g2(f, xl, x2) = d(t) - e(t) x1 -f(t) x2. 
Comparing Theorem 3 with the existence and uniqueness theorem given 
in [ 123, we note that assumptions (cx), (B) generalize (H,) in [ 121 (indeed, 
observe that the functions in the example on p. 362 in [12] fulfil (a), (/I) 
but do not verify hypothesis (H3) of the same paper). We also notice that, 
although our demonstration uses (in the stability part) some arguments 
introduced in [ 121 and successively refined in [ 131 and [ 141, nonetheless 
it seems to have some independent interest since it is shorter and avoids the 
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use of conditions of monotonicity and concavity for the Nemitzkii operator 
(such conditions were required in [12] for the uniqueness). Moreover, we 
stress the fact that, according to our argument, the proof of the asymptotic 
stability of the solutions (which in any case has to be performed for the 
significance of such solutions from the ecological point of view), can be still 
usefully employed to get the uniqueness of the solution. For a different 
approach (based on the theory of dissipative systems) producing at the 
same time existence, uniqueness, and stability of the periodic solution, see 
[28,16,24, 14, 173 and [4]. 
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